We compare two existing approaches to calculating the decay of molecular quarkonium states to conventional quarkonia in effective field theory, using X(3872) → χ cJ π 0 as an example. In one approach the decay of the molecular quarkonium proceeds through a triangle diagram with charmed mesons in the loop. We argue this approach predicts excessively large rates for Γ[X(3872) → χ cJ π 0 ] unless both charged and neutral mesons are included and a cancellation between these contributions is arranged to suppress the decay rates. This cancellation occurs naturally if the X(3872) is primarily in the I = 0 DD * + c.c. scattering channel. The factorization approach to molecular decays calculates the rates in terms of tree-level transitions for the D mesons in the X(3872) to the final state, multiplied by unknown matrix elements. We show that this approach is equivalent to hadronic loops approach if the cutoff on the loop integrations is taken to be a few hundred MeV or smaller, as is appropriate when the charged D mesons have been integrated out of XEFT.
I. INTRODUCTION
The last ten years have seen a plethora of discoveries of unconventional quarkonia, 1 the first and most studied of these being the X(3872) [1] [2] [3] [4] . Because of its proximity to the D 0D * 0 threshold and the isospin violating pattern of its decays, it is thought by many authors to be a molecular state. If the state consists primarily of the C even linear combination of neutral D mesons, D 0D * 0 + c.c., the binding energy is −0.11 ± 0.21 MeV, and this state is a very shallow bound state. For the central value of this binding energy, one calculates the typical separation of the D 0 andD * 0 to be approximately 10 fm, which is an astonishingly large length scale compared to typical hadronic scales. Ref. [9] exploited this separation of scales to construct an effective field theory for the X(3872) called XEFT. Heavy hadron chiral perturbation theory (HHχPT) [10] [11] [12] is matched onto a non-relativistic theory of neutral D mesons and pions. Their interactions are constrained by the heavy quark and chiral symmetries of QCD. A contact interaction is tuned to produce a shallow bound state in the D 0D * 0 + c.c. channel which is the X(3872). The structure of the theory is similar to effective field theories of the deuteron and low energy two-body nuclear physics [13, 14] .
For processes that are dominated by long-distance aspects of the X(3872), such as X(3872) → D 0D0 π 0 or D 0D0 γ, this theory reproduces effective range theory (ERT) at lowest order. ERT predictions for these X(3872) decays were first calculated in Refs. [15, 16] .
XEFT allows for the systematic inclusion of corrections to these predictions from pion loops and higher dimension operators. Ref. [9] showed the corrections from pion loops were negligible, at least for the process X(3872) → D 0D0 π 0 . The effect of final state interactions on the reaction X(3872) → D 0D0 π 0 was recently studied in Ref. [17] . For calculations of many processes within XEFT, see Refs. [18] [19] [20] [21] [22] [23] [24] . XEFT has also been used to calculate the quark mass dependence of the X(3872) binding energy in Refs. [25, 26] .
Many observations of X(3872) involve decays to conventional charmonia, including X(3872) → J/ψπ + π − , J/ψπ + π − π 0 , J/ψγ, and ψ(2S)γ, as well as the production of the X(3872) in the decay of other quarkonium states, such Y (4260) → X(3872)γ, which was recently observed [27] . These processes involve short-distance scales since the D andD * must coalesce to couple to the charmonium. For these decays there exist two distinct approaches to applying XEFT in the literature. The approach first taken in Ref. [18] 
where F.S. denotes the final state (which includes a charmonium) and O XEF T is an XEFT operator. This operator plays the same role as the wave function at the origin squared in a traditional approach to bound state calculations. The numerical value of the XEFT operator is unknown and must be extracted from data. Since the D 0 andD * 0 must coalesce to form the compact charmonium, part of the process involves short-distance physics that is not determined by the universal nature of the long-distance part of the X(3872) wave function, and this physics is enocoded in O XEF T . Similar factorization theorems for X(3872) decay and production were developed in Refs. [28, 29] . We will refer to the approach to X(3872)
decays advocated in Ref. [18, 28, 29] which yields a factorized formulae of the form of Eq. (1) as the factorization approach to X(3872) decays.
The second EFT approach to X(3872) production and decays is advocated in, e.g.,
Refs. [30, 31] . The decay involving the conventional quarkonium proceeds through a loop digram in which both the X(3872) and the conventional quarkonium couple to heavy mesons.
In this case the X(3872) coupling to heavy mesons in the loop is fixed by the residue of the pole in the T -matrix, so there is no undetermined matrix element as in the calculational approach of Ref. [18] . However, this approach still may not be entirely predictive since the couplings of heavy mesons to conventional quarkonia in the loop could be unknown. We will refer to the approach to X(3872) decays in which the decay is assumed to go through a hadronic loop as the hadronic loop approach to calculating X(3872) decays.
In addition to two different approaches to calculating X(3872), there are also different choices of the relevant degrees of freedom appropriate for an effective theory suitable for describing the X(3872). In the literature there are calculations within both the factorization approach and the hadronic loop approach that only include neutral D mesons as explicit degrees of freedom, since the X(3872) is considered a shallow bound state of these mesons alone. Refs. [32, 33] for processes like decays to conventional charmonium, in which both long and short distance scales are important, it may be desirable to include these as explicit degrees of freedom.
The purpose of this paper is to compare the different approaches to calculating the decay of X(3872) to conventional quarkonia, using the decays X(3872) → χ cJ π 0 as an example.
These decays were first studied in Ref. [35] where it was pointed out that the relative rates for different J are predicted by heavy quark symmetry and can be used to distinguish between different interpretations of the X(3872). These decays were studied in XEFT in
Ref. [18] , which used factorization in a theory with only neutral D mesons as explicit degrees of freedom. Ref. [18] showed that within this approach there are two distinct long-distance and short-distance mechanisms contributing to the decay and the relative rates depend on the relative importance of the two mechanisms. The authors of Ref. [18] also computed the partial widths using the hadronic loop formalism, with only neutral D mesons as explicit degrees of freedom, but as we will see in the next section, this yields exceedingly large partial widths for X(3872) → χ cJ π 0 that are in conflict with experiment, so this approach was discarded and the calculation was not published in Ref. [18] . This result is somewhat model dependent as the predicted rates depend on the unknown coupling of the χ cJ to charmed mesons, which is estimated using a model in Ref. [36] . However, to make the predicted partial widths for X(3872) → χ cJ π 0 consistent with experiment requires that this coupling be almost two orders of magnitude smaller than what one expects from naive dimensional analysis. We conclude that the hadronic loop approach with only neutral charmed mesons as explicit degrees of freedom is inconsistent with experiment. However, the hadronic loop approach can be made consistent with data if charged mesons are included as explicit degrees of freedom and a cancellation is arranged between charged and neutral loop diagrams. This requires that the X(3872) have nearly equal couplings to the charged and neutral channels.
In section III, we discuss how the hadronic loops approach is related to the factorization approach. We show that the hadronic loop integral can be expressed as the convolution of the ERT wave function of the X(3872) with the tree level matrix element for D * 0D0 → χ cJ π 0 2 .
We simplify the calculation by dropping some terms O(p In the final section we give our conclusions.
II. HADRONIC LOOPS
In the first part of this section we will consider a version of XEFT in which only the The couplings of the X(3872) and the χ cJ to the D mesons have no derivatives, so these scale as v 0 . The pion is derivatively coupled so that interaction scales as v. In the loops, the integration measure scales as v 5 and each propagator scales as v −2 , so the diagrams scale as
There is also a loop diagram that contains a bubble with the four-particle interaction (see Eq. (8) of Ref. [18] ). This diagram contains one fewer propagator, the four-particle interaction still has a derivative acting on the pion field, so the diagram scales as v 2 and is higher order in the v expansion. Hence, the diagrams shown in Fig. 1 are the leading contribution to X(3872) → χ cJ π 0 in the hadronic loop approach.
The coupling of the X(3872) to the D 0D * 0 + c.c. is 2πγ n /µ DD * , where µ DD * is the reduced mass of the D 0 andD * 0 and γ n is the binding momentum in the neutral channel,
i.e., γ n = √ 2µ DD * BE n , where BE n is the binding energy in the neutral channel,
this factor arises from wave function renormalization obtained using the LSZ formalism for composite operators, see, e.g., Refs. [9, 38] . Computation of the rates is straightforward and we simply quote the prediction for the rates:
Here g = 0.54 3 is the axial coupling of the D mesons to the pion, g 1 is the coupling of the
MeV is the pion decay constant, m χ cJ (m X(3872) ) is the mass of the χ cJ (X(3872)), and E π (p π ) is the energy (momentum) of the pion in the decay. The
come from the loop integration and are given by
To simplify Eq. 
The first analytic expression for the evaluation of the integral is appropriate for a, b, c > 0, 
Ref. [35] calculates these ratios by weighting the heavy quark spin symmetry prediction with the p To compute the absolute rates in this approach, one needs to know the coupling constant g 1 in Eq. (2) and the binding momentum, γ n . From the binding energy BE n = 0.11 ± 21
MeV, we find γ n = 14.6 +12.3 −14.6 MeV. For g 1 we will use the results of Ref. [36] , which determines the coupling 4 by using a vector meson dominance argument to find g
), where f χ c0 = 0|cc|χ c0 and is calculated to be 510 MeV from QCD sum rules. Using this estimate,
, and we find
All of these partial widths separately exceed the current experimental bound on the total width, Γ X < 1.2 MeV [39] .
The partial widths, Γ[X(3872) → χ cJ π 0 ], which are presently unmeasured, must in fact be orders of magnitude smaller than the existing bound on the total width. We will next find an upper bound on the sum of the partial widths, J Γ[X(3872) → χ cJ π 0 ]. Theoretical calculations [9, 15, 17, 22] One way try to fix this is to include both the charged and neutral mesons in the theory.
Refs. [32, 33] have emphasized the necessity of including both charged and neutral D mesons in the context of X(3872) → J/ψγ, Jψππ and J/ψπππ decays. When the charged channel is included as well the formulae of Eq. (2) generalize to
where γ c is the binding momentum in the charged channel, γ c = √ 2µ DD * BE c , where BE c = m X(3872) − m D * ± − m D ± , and g 0 and g + are the couplings of the X(3872) to the neutral and charged channels. These obey the constraint [34] 
where Σ 0 (−E X ) and Σ + (−E X ) are the contribution to the self-energy of the X(3872) from the neutral and charged mesons, respectively, and denotes differentiation with respect to the energy. Eq. (8) can derived by solving the coupled channel problem, see for example
Ref. [41] where the coupled channel problem is solved for a theory of non-relativistic heavy mesons with contact interactions that mediate S-wave scattering in both the I = 0 and I = 1 channels. The coupling can be extracted from the residues of the T -matrix at the X(3872) pole, which can be shown to satisfy Eq. (8). 5 If only I = 0 scattering is present
Noting that Re Σ 0 (−E X ) = and Re
, the constraint in Eq. (8) can be solved by setting
so the decay rates in terms of θ and the binding momenta are
The actual value of θ depends on the underlying dynamics, and cannot be determined from the EFT a priori, so we will leave it as a free parameter. By tuning θ we can arrange a cancellation between charged and neutral loops which allows the prediction to be consistent with the bounds. Demanding J Γ[X(3872) → χ cJ π 0 ] < 79 keV, we find that θ = 0.37 ± 0.04. For this range of θ, 0.78 < g 0 /g + < 0.99, so the ratio of these couplings is close to 1. This range is consistent with scattering being dominated dominated by the I = 0 channel. The constraint on θ, and hence g 0 /g + , is correct so long as γ n ≈ 14 MeV, and g 1 ≈ 1/(500 MeV). Unfortunately, the uncertainties on both these parameters is O(1). If these parameters are an order of magnitude smaller, which seems unlikely but is not ruled out by experiment, then the constraints on θ and g 0 /g + would be considerably weaker. 
III. FACTORIZATION
In this section we discuss how the hadronic loop approach discussed in the previous section is related to the factorization approach of Ref. [18] . We begin by considering the amplitude from the loop diagram in Fig. 1b) , 6 with only neutral D mesons in the loop.
This is given by
Here E X is the energy of the X(3872) relative to 2m D , so E X = ∆ 0 − γ 2 n /(2µ DD * ). The l 0 integral is done by contour integration, resulting in the integral:
When we multiply this amplitude by the factor √ 2πγ n /µ DD * coming from the wavefunction renormalization, this result can be written as
is the momentum space wavefunction of the D 0 -D * 0 in the X(3872), and
is a tree-level contribution to the HHχPT amplitude for D 0D * 0 → χ c0 π 0 . The momentum space wavefunction, ψ DD * ( l ), has the form dictated by ERT and is correct so long as the D mesons are separated by large distances compared to the strong force that binds them. In a theory in which the charged D mesons have been integrated out, the scale γ c = 126 MeV should be considered large and the wavefunction ψ DD * ( l ) can only be trusted below this momentum.
With this in mind, we will continue evaluating Eq. (12) in the hadronic loops formalism, but now imposing a UV cutoff on the integral. Combining the two terms with Feynman parameters, we get
where ∆(x) is given by
The term γ
is negligible compared to the remaining terms so we will drop it as well as the terms proportional to p 
Since the integral is finite we can send Λ → ∞ and the result is
This is the result from the hadronic loops formalism when we set p 2 π = 0. To see this it is helpful to note F (a, b, 0) = 2(− √ a + √ a + b)/b. As stated earlier, setting p 2 π = 0 is an excellent approximation to the exact result. However, we have argued that in a theory without explicit charged mesons the cutoff Λ should be not much larger than γ c ≈ 126 MeV. In Figs. 1a ) and c), the factor of m D (E π − ∆ 0 ) is replaced with m D ( * ) (E π + ∆ 0 ) or 2µ DD * E π , which are even larger.
Typically these quantities are of order (850 MeV) 2 and can be as large as (1073 MeV) 2 . So, for a physical value of the cutoff we should take γ n Λ m D (E π − ∆) 1, then we have
. (20) This is actually the result in the factorization approach. Starting with Eq. (12) we note that in the second propagator
), where l ∼ γ n ∼ Q (Q denotes any generic scale of order the binding momentum). Consistency of XEFT power counting requires that we drop the O(
) terms. Then the l integral is straightforward and one obtains Eq. (20) for the amplitude. In the factorization formalism, the divergent integral is interpreted as the nonperturbative matrix element
Here the evaluation of this matrix element is sensitive to the cutoff Λ. This indicates the matrix element is sensitive to the short-distance nature of the X(3872) and cannot be calculated with XEFT. Still, we can use the formula in Eq. (21) MeV, otherwise the charged mesons should appear as explicit degrees of freedom.
Finally we consider what happens when the charged mesons are included in the theory.
Let us assume that in the theory with explicit charged mesons that we can take Λ to be large and keep the region of the integral from l ∼ m D E π . Neglecting terms suppressed by
, the contribution to the matrix element for X(3872) → χ c0 π 0 from the diagram in Fig. 1b) , with both neutral and charmed mesons and the relevant couplings included, is
In the I = 0 limit, g 0 = g + , the terms proportional to g 0 m D (E π − ∆ 0 ) + γ 2 n and g + m D (E π − ∆ + ) + γ 2 c essentially cancel because they differ by only 2% in magnitude. Noting that ∆ 0 /∆ + = 1.01, the final result is well approximated by
which is the factorization result in a theory with only neutral mesons, Eq. (20), with the UV cutoff, Λ, replaced with Λ = πγ c /2 ≈ 198 MeV. So in this limit the hadronic loops result is equal to the factorization result in a theory with only neutral D mesons, with an appropriately low value for the UV cutoff,
IV. CONCLUSIONS
In this paper we studied the decays Γ[X(3872) → χ cJ π 0 ] within the two commonly used approaches to calculating X(3872) decays to conventional quarkonium within EFT:
the hadronic loop approach and the factorization approach. Within the hadronic loop approach, we find that if one only includes neutral mesons as explicit degrees of freedom, and uses the estimate of the χ cJ coupling to D mesons from Ref. [36] , then predictions for each of these partial widths exceeds the known bound on the total width. We then obtained a we use the results of Ref. [9] , which supplement ERT with range corrections, corrections from higher dimension operators in XEFT, and pion exchange. We conclude that the 
